
Math 451: Introduction to General Topology
Lecture 7

subsequences. A subsequence Kne) of a requence (a) is another sequence /gal
,
indexed b

,
b,

sick that the 6th member is the UpK member of (a)
,
i

. e
. Ye

= Xurea wherea
is a strictly increasing sequence of natural where

.

In particular ,
nuk.

Prop . For a sequence (x2) in a metric space (, d) and xEX, TFAE :

(2) (xu) converges to x.

R2) Every subsequence (n) converges
bx.

(3) Every subsequence Harlphas a further subsequence (Xnuehee converges
to x.

Proof. (2) => (1) : Trivial
.

(2) => 11 : We prove the contrapositive ,
i.

. e
.

not (1) => moth)· Suppose Kal doesn't converge box,
i

.e. J open UzX such that not xtl
,

i
.

e.&XAU .
Let (a) be the sequence

o Rese infinitely many his
,

i.
.

e. XnAll for all beIN . Thes
, Kure) doesn't converge ex.

(1) (3) .
HW

.

QED

Closure and characterization of closed ats via limits.

Def
. Let X be a metric space

and YEX. We call the smallest (with espect to inclusion 1)
closed set containing Y the closure of i

, denoted. Such a set exists
,
namely :

: = 14(2X : <cosal
,
(2Y)

,

noting that the righthand side is closed being an intersection of closed ste
.

Since X is

closed and contains Y
,
ICIX : <closed

,
220

,
and Y & ↑ by definition.

Def let X be a metric space and YEX
.
We say that a point xX adheres to i

low is a closure point of is if every open neighbourhood Nex meets Ylie
. UNKF0).



Examples .
(9) In IR

,
I adheres to 10,1

.
Also, E adheren to 10,

1.

1) In1R
, every real relR adheres to Q.

Prop .
Let X be a metric

space
and YEX

.

Then

↑ = (xe X = x adhere to it .

Proof
. 2 : Let x-X adhere to 4

.
If XT " ther because i is open ,

here is an

open Rax
will UI

,
i

.
e

. UST = 0 ,
hence URY = 0

, contradicting
thata adheres to Y

.

E : let xEY
,
and take any open

Uex
. We need to show USY #0. But if UNY=&,

u
Y U

:

. e
. K2Y and 4 in closed

,
so i :I" being the smallest such set.

But thiswears UIT =0
, contradicting x U15

.

QED

Proplcharacterization of adherence via limits) .
Let I

,
d) be a metric space ,

YEX
,

xEX
. TFAE:

(1) XE Y .

12) x adheres to y
(3) There is a sequence lyn) = Y with lim yu =

X.

Proof
. (3)E/2)

.

If lyniY and x = linya every open Ux meets 990 : neh :
Y
,

so it alsowelts Y ,
here adheres to yo

(2)E13)
· Suppose x adheres to Y

.

Then for each NEINY
,
there is ye Bi1Y (A2 is

and here to define a sequence of such choices)
,

so we obtain a sequence (a) = Y

sade that dlunx)c * + 0 as need
,

so his = X. QED

Characterization of closed cuts
.

Let X be a metric space and TEX .
TFAE :

(1) Y is closed (i . e
.

Y' is
open).

(2) Y = V .

(3) Y contains all its adherent points.
(4) For any sequence IyaldY If hmbn exists then it is inI
Proof . HW



↳ In a metric space
X

,
for YEX

,
diam(Y) = diamli).

Proof. is trivial
,

so we showz
.

We give ourselves an 320 room and show that
dian (i) = dim (5) -2 for arbitrary 330 . By def, Ex ,x2 Y with
& (x

,
xc)= sup d/z , 7

.) - 3/z ·
But X ,
X15

,
so Bag (x1) 14+0 and Bakz4 +/,

so take 77 ,er YitBay(Xi) ,
for il

,
2 . Then X, 413

diamli) - 3/3 = d(x
,
xz) = d(x

, 3 ,
) + &(y,, yz) + d(y

, x2) = &( ,, 42) + 2 .

Y *

Heave &l , 42) = dian() - 3
,
nene diamlYi-diam (i)-2

.

DEN

Canely sequences and completeness.

Def
.

A sequence (X) in a metric
space (X,

d) is called Candy if F230 ENEIN
Fn

,
m=N

,
M/xu

,
Xm)13

,
i

.
e . Whe tails of the sequence are righter and lighter

together .
This is equivalent to saying that diam (3xm ,

Xu
, Xuez, ...) -> O as ne.

Obs
. Canchy sequences are bod.

Examples ,
(a) Convergent sequences are Candy

.
Proof. If (u) converges

do x
,

then dixa
,
x) -> 0

,
so VasO a fail

of the
sequence is in Balx]

,
hence has diameter : Is

1) A sequence (a)
is called contractive if there is deC0

,
1) such that for all neIN :

d(xn + 1
,
Xn+2) < &d(Xn

,
xn + 1) .

Prop .
Contractive sequences are canely

Proof. HW

Caution
.

The weaker condition & (X + 1 ,
xn +2) < &kxa

, x+
) for all u

,
does not

impla What (x2) is Cauchy· Take ,
e

.g e, Xu := E
,
then

n+ 2

& (Xn + 1
,
Xn+2) = 1zt- = En =&,+)

n= 1

But (a) doesn't converge as Et doesn't converse.
kEINt



Prop .

Let X be a metric space and (xulEX be a Candy requence .
If some

subsequence Nap) converges to a point xEx then the whole (a) converges to x.

Proof. Suppose lim Xap = X
.

Fix 330
.

Then (a) being landy gives neIN ,
such

k -> a

that diam (4Xm ,
Xu + + , Xen ,.3) :1/2 .

Then becas limxue = X
,

Where is

some Usin with Blum
, X]<. But then main we have

d(xm
,
x) = d(xm

,
xu) + d(xu

, Xnx) + d(Xp ,X)2* + 2 + E =3.
EThus

,
him Xm = X ,

m ->

Bef
.

Ametric space
X is called complete if every Carey requence in it converges to some

point in X

Examples · (a) Let X be a 0-1 metric space,
i

. e .
d is the 0-1 retria on c at X.

Then the only lauely requences in X are the eventually constant sequences,
i

. e
. Sequence (a) such that ExtX with &Xn = X .

Here every

lancly sequare here converges to a point in X ,

Mus X is complete .

16) The space X
= 10 , B with the usual metric o is incomplete base the sequence

(t) = 10
, 1 is Candy (indeed diam(it , i , min , ...3) = h + 0 as hed

· But Inl does not converse in X:= 10 , T.
:It

1) The space
X := & is incomplete because 7 (x) = & converging in IR to E

,
so it is

Canchy in R
,
hence in

,
but doesn't converge in $ since & and limits are unique

in IR
.


